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Abstract 

We construct the general vortex solution in the fully-Higgsed, color-flavor locked 
vacuum of a non-Abelian gauge theory, where the gauge group is taken to be the 
product of an arbitrary simple group and U(l), with a Fayet-Iliopoulos term. The 
vortex moduli space is determined. 
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1 Introduction 



Vortices play important roles in various areas of physics from condensed matter physics 
such as superconductors, superfluids, quantum Hall effects to particle physics [1] and 
cosmology [2]. Recently there has been a significant progress in the understanding of 
non-Abelian vortices in the color-flavor locked vacuum of SU(N) x U(l) gauge theories 
[2111]. Unlike Abelian vortices [5], they carry orientational moduli in the internal space, in 
addition to the usual position moduli. The most general Bogomol'nyi-Prasad-Sommerfield 
(BPS) vortex solutions and their moduli space have been found 0,[7] and the dynamics of 
two colliding vortices studied [8]. Though these and many other interesting features have 
been extensively explored most studies so far have been restricted to the gauge 

group SU(N) x U(l), with a few but notable exceptions pTj.[TB]. 

We present here a simple framework for writing the most general non-Abelian BPS 
vortex solutions in theories with an arbitrary gauge group of the type G = G' x U(l). For 
concreteness we take G 1 to be a simple Lie group, but the method can be easily generalized 
to non-simple groups. The cases of classical groups G' = SU, SO, USp will be worked out 
in detail. Various new physical results seem to follow from our study, even though here 
we limit ourselves to the main results only. Fuller account will be given elsewhere |1 7] . 



We focus our attention on the classical Lie groups G' = SU(N), SO(N) and USp(2M), 
leaving the exceptional groups to a short discussion at the end. For G' = SO(N), U Sp(2M) 
their group elements are embedded into SU(N) (N = 2M for USp) by constraints of the 
form, U T JU = J, where J is the rank-2 invariant tensor 



where e = +1 for SO(2M), while e = — 1 for U Sp(2M); the second matrix is for SO(2M+ 
1). Apart from the gauge bosons = W®t° + W®t a the matter content of the model 
consists of N flavors of Higgs scalar fields in the fundamental representation, with a 
common U(l) charge, written as a color-flavor mixed N x N matrix H. t° and t a denote 
the generators of U(l) and G 1 normalized as 



2 Model and BPS Vortex Equations 




(i) 




tr (t a t b ) 



2 



(2) 



1 



The Lagrangian is given by 
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where V^H = (<9 M + iW^)H, e and g are the gauge coupling constants for U(l) and G ; , 
respectively, and A is the flavor index. The flavor symmetry of the model is SU(N)p. 
Though our discussion concerns mainly the bosonic system, (JHJ), the model is really to be 
considered as the (truncated) bosonic sector of the corresponding M = 2 supersymmetric 
gauge theory, which explains the particular form of the potential, ensuring at the same 
time its stability against radiative corrections. The Bogomol'nyi completion for static, x 3 
independent configurations 
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yields the BPS vortex equations 
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for the groups G' = SO(N), USp(2M), where a complex coordinate z = x 1 
introduced. Equation (J7|) reads for G' = SU (N) instead: 
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3 Solving the BPS Vortex Equations 

Let us choose the fully Higgsed, color-flavor locked vacuum: (H) = -j=1n- The G' x 
U(l) x SU(N)p invariance of the theory is broken to the global color-flavor diagonal 
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G' c+F . Introduce an N by N matrix S(z, z) taking a value in the complexification G c of 

G, 

S(z,z) = S e (z,z)S'(z,z) , (9) 

with S e E U(l) c ~ C* and S' £ G' c . The gauge fields can be taken to be equal to the 
Maurer-Cartan form: 

(W? + iW$)t° = -2iS^BS e , (10) 
(W? + iW£)t a = -2iS'- x dS' . (11) 

The first of the BPS equations (j5J) can then be solved by 

H = S- l H Q {z) = S^S'^Hoiz) , (12) 

where Hq(z) is a matrix whose elements are holomorphic in z. Hq(z) will be called moduli 
matrix [T2j, as all moduli parameters are encoded in it (see below). Hq(z) is defined up 
to equivalence relations of the form 

(H , S) ~ V e V'(z)(H , S) , V'{z) T JV'{z) = J . (13) 
By introducing N x N matrices Qq = HqHq and 

n e = SJSl = e^ l2N e u(if , n' = S'S« e G' c , (14) 
the BPS equations (jSj), (J7]) can be cast into the form: 

Bd^ = ~ (tr (QoQ'-^e^ - v 2 ) , (15) 

3(n'dn'~ l ) = ^(fi ^ /_1 - J t (fi ^ , ~ 1 ) T ^)e- ,/ ' , 



which we denote the master equations. The boundary conditions are tr (QqQ' x )e ^ = v 2 
and ^fr- 1 = Jt(fi fi'- 1 ) T J. We assume the existence and uniqueness for the solutions 
to these equations. There are at least two justifications for this. One is the fact that in 
the strong coupling limit (e,g — > oo) these can be algebraically and uniquely solved. The 
other relies on the index theorem: the number of the moduli parameters encoded in Hq 
coincide with that obtained from the index theorem |17j . 
The tension of the BPS vortices can be written as 

T = —j== J d 2 x F° 2 = 2v 2 J d 2 x ddi) . (16) 

The asymptotic behavior 

~ \z\ v for \z\ — > oo , (17) 
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then determines the tension 

T = 2ttv 2 u , (18) 

a rational number u(> 0) being the {7(1) winding number, v will be found to be quantized 
in half-integers (u = k/2) for the groups G = SO(2M),USp(2M) with k G Z+; v = k 
(integers) for G = SO(2M + 1); finally v = k/N for G = SU(N), as is well known. 
The integer k denotes the vortex number: k = 1 corresponds to the minimal vortex in all 
cases. 

The key idea of this Letter, which enables us to extend the moduli-matrix formalism to 
general gauge groups, is to consider the holomorphic invariants P G , (H) made of H, which 
are invariant under G c , with i labeling them. If the U(l) charge of the i-th invariant 
Iq,(H) is rii, the following relation 

iUh) = ih [s: 1 s'^h ) = s: n *r G ,(H (z)) , (19) 

holds. If the boundary condition is given by 

P G ,(H) =4^, (20) 

\z\^oo 

where v rii is the number of zeros of P G , , it follows that 

4,(2*0 = S?I i a ,(H)~I i y „z"«, \z\^oc. (21) 

As I G ,(Ho(z)) are holomorphic, the above condition implies that P g ,{Hq{z)) are polyno- 
mials in z. We find that urii must be a positive integer for all v. 

urii eZ + — > v — k/riQ , k G Z + , (22) 

where (GCD = the greatest common divisor) 

n = GCD{n, | P vev ± 0} . (23) 

Note that a {7(1) gauge transformation e 27U//n ° leaves invariant P G ,(H): 

P G , (H 1 ) = e ^i/^p GI (H) = P G , (H) : (24) 

the phase rotation e 2n ^ n ° G 1> no changes no physics, and the true gauge group is thus 

G = {7(1) x G'/Z no . (25) 

where Z no is the center of G . A simple homotopy argument tells us that l/n is the {7(1) 
winding for the minimal {k = 1) vortex configuration. Finally, for a given k the following 
important relations hold 

P G ,(H ) = P vcv z kn * /no + Oiz^'^ - 1 ) , (26) 
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which imply nontrivial constraints on H Q (z). 

The explicit form of the constraints follows from this general discussion. For G' = 
SU(N) (with N flavors), there exists only one invariant 

I su = det(H) , (27) 

with charge N. Thus the minimal winding (1/no) is equal to 1/N and the condition for 
k vortices is given by: 

A N . X : det H {z) = z k + C(^" 1 ), u = k/N . (28) 

For G' = SO(N), USp{2M), there are N(N ± l)/2 invariants 

(Iso,us P Ys = (H T JH) r s , 1 < r < a < N , (29) 

in addition to (127|) . The constraints are: 

C M , D m : H^(z)JH (z) = z k J + 0{z k ~ l ) , v = k/2 , 

B M : H^(z)JH (z) = z 2k J + 0(z 2k ^) ,u = k, (30) 

for G' = SO(2M),USp(2M) and SO{2M + 1), respectively As anticipated, vortices in 
the SO(2M + 1) model have integer U(l) windings [TTj . 

Explicitly, the minimal vortices in SU(N) and SO(2M) or USp(2M) theories are 
given respectively by the moduli matrices: 

^(VilMX^)- (31) 

The moduli parameters are all complex. For SU(N), a is just a number; b is a column 
vector. For SO(2M) or USp(2M), the matrix Cs/a for instance is symmetric or antisym- 
metric, respectively. And vice versa for B. Moduli matrices for SO(2M + 1) as well as 
those for k = 2 vortices in SU, SO, USp theories, will be given explicitly [T7] . 
The index theorem gives the complex dimension of the moduli space 

k N 2 

dim c {M G ',k) = • (32) 

n 

This was obtained in [3] for SU(N); a proof in other cases will be reported elsewhere [TT] . 
In all cases studied we have checked that the dimension of the moduli space inferred from 
our moduli matrices agrees with the one given in Eq. (|3"2"1) . 

Except for the SU(N) case, our model has a non-trivial Higgs branch (flat directions). 
The color-flavor locked vacuum (H) oc 1^ is just one of the possible (albeit the most 
symmetric) choices for the vacuum; our discussion can readily be generalized to a generic 
vacuum on the Higgs branch. This fact, however, implies that our non-Abelian vortices 
have "semilocal" moduli (see Achucarro et. al. PQ), even for Nf = N. In contrast to 
the Abelian or SU(N) cases, moreover, they exhibit new, interesting phenomena such as 
"fractional" vortices [T7] . 
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4 Local (ANO-like) Vortices 



For various considerations, we are interested in knowing which of the moduli parame- 
ters describe the so-called local vortices, the ANO-type vortices with exponential tails. 
To identify these, let us first consider generic points in the moduli space. In the strong 
coupling limit our theory reduces to a nonlinear sigma model, with the (classical) vac- 
uum moduli .Mvac as its target space. In such a limit, semilocal vortices with non-zero 
size moduli reduce to the so-called sigma model lumps. The local vortices on the other 
hand shrink to singular configurations. It is well-known that lumps are characterized by 
^(A^vac) with a wrapping around a 2-cycle inside -M V ac- Even at a finite gauge coupling, 
asymptotic configurations of semilocal vortices can be well approximated by lumps. 

Now the moduli space of vacua Ai vac in supersymmetric models is parametrized by 
holomorphic invariants I G {H) (7 = 1,2,.. .) of the complexified gauge group G c [18]. In 
our case, G = G' x U(l), with the common U(l) charge of the scalar fields H, all the G 
invariants I G (H) can be written using the G' c invariants I G ,(H). For instance from I G , 
and I 3 G i with m = rij, one can construct 

/Mfm = P G'( H ) = r G'( H o( z )) (33) 
P G ,{H) 4,(H (z)) ' 

where use was made of (1191) . The last line defines, so called, (generalized) rational maps. 
This observation allows us to define local vortices. While asymptotic region of semilocal 
vortices are mapped to some domain of A^ vac , those around the local vortices are mapped 
into a single point. Therefore, all the G c invariants I G {H) must be constant for the latter. 
All the I G >(Hys have zeros at the vortex positions and winding around them as seen in 
( l2"Uj) . These facts, together with f[3"3"j) . imply that all 7^,(i7o(^))' s with the same rij must 
have common zeros: 



G' 

, local ) 



m /n 



4v • (34) 



For G' = SO(2M), USp(2M) with I S o,us P of (J2SD we find that the condition for vortices 
to be of local type is 

k 

#0 T local(^#0,local(£) = \\{z - Z Ql ) J . (35) 

e=i 

Let us now discuss a few concrete examples. The general solution for the minimal 
vortex (HUD for G' = {SU(N), SO(2M),USp(2M)} is reduced to a local vortex if we 
restrict it to be of the form: 
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The vortex position is given by a. b for SU (N) and B^/ s for SO(2M) or U Sp(2M) encode 
the Nambu-Goldstone modes associated with the breaking of the color-flavor symmetry 
by the vortex G' c+F — > He- The moduli spaces are direct products of a complex number 
and the Hermitian symmetric spaces 

M l ^ =1 - C x G' C+F /H G , , (37) 

H SU(N) = SU(N - 1) x U(l) while H SO (2M),us P (2M) = U{M). The results for SU(N) and 
S'0(2M) are well-known [31 HI HI]- The matrices describe just one patch of the moduli 
space. In order to define the manifold globally we need a sufficient number of patches. 
The number of patches is N for G' = SU(N) and 2 M for G' = SO(2M), USp{2M). The 
transition functions correspond to the ^-equivalence relations [El [7] . In the case of G' = 
SO(2M), the patches are given by permutation of the i-th and the (M + i)-th columns in 
(I3T)]) . We find that no regular transition functions connect the odd and even permutations 
(patches), hence the moduli space consists of two disconnected copies of SO{2M) /U(M) 
[TT] . The complex dimensions of the moduli spaces are dime -M^cx^m) k=i = \M(M— 1)+1 
and dim c M^ {2M)M=1 = \M{M + 1) + 1. 

5 Exceptional groups 

Eq. There is a rank-3 symmetric tensor: T^. The conditions on the moduli matrix is 

r^ais (-^o) n ji(Ho) 12 j 2 (H ) t:i j 3 ~ r 3 - u - a j 3 z , (38) 

and the U(l) winding number is quantized as v = k/3. 

E 7 \ There are 2 invariant tensors: dyki and respectively of rank 4 and 2. The 
moduli matrix is constrained as: 

^1*2*3*4 0^o) n ji(H y 2 j 2 (H y 3 j 3 (H ) u j 4 ~ (ij r-j<n ) 

fi lia (H Y\(H )\^ (39) 

and the vortices are quantized in half integers: i/ = fc/2. 

G2, -F4, : See Tabled] for the list of the invariant tensors and the winding numbers. 

6 Conclusion 

We have thus given all the necessary tools to construct vortex solutions in the color-flavor 
locked vacuum of a non-Abelian gauge theory with gauge group G — G' x U(l) where G' 
is an arbitrary simple group, coupled to Higgs fields in the fundamental representation. 
Our method can be extended to other BPS solitons such as domain walls, monopoles and 
instantons, and hopefully opens powerful new windows for their investigation. 
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2M 
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rank inv 
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2,4 


2,3,8 


2,3 


2,3 


n 


N 


1 


2 


3 


2 


1 


1 


1 



Table 1: The dimension of the fundamental representation (R), the rank of the other 
invariants [19] and the minimal tension v — 1/uq i.e. the center Z no of G. The determinant 
of the R x R matrix gives one invariant with charge, dim R. 
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